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Abstract
The momentum conservation sum rule for deep inelastic scattering (DIS) from
composite particles is investigated using the general theory of relativity. For
two 1+1 dimensional examples, it shown that covariant theories automatically
satisy the DIS momentum conservation sum rule provided the bound state is
covariantilly normalized. Therefore, in these cases the two DIS sum rules for
baryon conservation and momentum conservation are equivalent.
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I. INTRODUCTION
In the parton model of deep inelastic scattering (DIS) from a bound state with N valence
quarks, one encounters two sum rules:
∑
i
ni
∫ 1
0
fi(x)dx=
∑
i
ni (1.1)
∑
i
∫ 1
0
xfi(x)dx= 1 , (1.2)
where fi(x) is the probability that the quarks of flavor i will have momentum fraction
x. The first sum rule corresponds to baryon (or charge) conservation and the second to
the conservation of the momentum fraction. In a previous work [1], we showed, in the
context of a covariant model for the bound state, that the first sum rule is a consequence
of the normalization condition for the covariant bound state wave function, and hence is
automatically satisfied in any covariant model.
In parton models, the two relations (1.2) are usually considered to be independent con-
straints. This could pose a problem for covariant descriptions of DIS because in this for-
malism the normalization condition is the only constraint which can be imposed on the
covariant wave function. It is therefore unclear where the additional momentum conser-
vation constraint could come from. This suggests that either covariant models of DIS are
inconsistent, or that the two constraints (1.2) are somehow not independent and in fact
are both a consequence of the normalization condition. This puzzle provided the initial
motivation for this work. We will return to discussion of this issue in the concluding section.
In the main part of this paper we turn to another question related to the above issue:
“How can we prove, in the context of a covariant treatment of two body bound states, that
a static gravitational field couples only to the total mass of the bound state?” In the context
of a field theory this requires proving that the coupling of a long wave length graviton to
a composite system has the same structure as its coupling to an elementary particle, with
the mass replaced by the total mass of the bound state. In this paper we will show, for two
simple 1+1 dimensional models, that the bound state normalization condition is sufficient
to insure that is indeed the case.
These conservation laws are a consequence of the symmetries of the external field with
which the system interacts. For example, the deuteron, which is the bound state of a proton
and a neutron, participates in the electromagnetic interaction with a U(1) symmetry. The
electromagnetic field couples to each of the constituents separately but if the radiation has
a large wavelength, it “sees” only the total charge. Consequently one should be able to
compute the total charge of the composite system from the density functions predicted from
the bound state model, so one gets a constraint on the bound state. As is well known, this
constraint is identical to the bound state normalization condition.
To see how this comes about in the context of the gravitational interaction (related to
momentum conservation), we go back to the first principles and consider the interaction of
a composite particle in a gravitational field. The requirement that the gravitational field
couple to the total bound state mass leads to a constraint which at first seems to be different
from the the wave function normalization condition, but we prove that they are compatible.
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We start in the next section by reviewing the properties of the gravitational interaction
with scalar particles and develop the general framework of our approach. Then we apply
our method to the study of some two-particle bound states in 1 + 1 dimensions. In Sec. III
we study bound states of two scalars, and in Sec. IV bound states of a spin 1/2 fermion and
a scalar. Some conclusions are given in Sec. V.
II. GRAVITATIONAL INTERACTIONS WITH SCALAR PARTICLES
In this section we review the most basic properties of the lowest order graviton-scalar
interaction. After we obtain the Feymnan rules of two cubically interacting scalar fields
in the environment of a gravitational field, we investigate some Feynman diagrams with a
single external graviton line to illustrate momentum conservation in some specific cases. We
make use of the gravitational Ward-Takahashi identity, which we first prove by using our
previously obtained Feynman rules and prove using a more general field theory argument.
This section is meant to give the general framework of this paper, including the machinery
of the bound state-graviton interaction, that will be used in the next sections to derive the
constraint imposed on the bound state wave functions by momentum conservation.
A. Gravitational Interaction of Scalar Particles
Consider two interacting scalar fields Φ and φ. We will assume Φ is charged and that
φ is a neutral, self conjugate field. A gravitational “interaction” is added if the flat metric
tensor ηµν = diag[1,−1,−1,−1] is replaced by an arbitrary metric gµν(x),
gµν(x) = ηµν + 2hµν(x) , (2.1)
where hµν(x) is the gravitational field. (Note that our metric differs in sign and that hµν
differs by a factor of 2 from that used by Weinberg [2]). The four-volume element d4x is
also replaced by ∫
d4x→
∫
d4x
√−g , (2.2)
where g is the determinant of the covariant metric tensor gµν . [Recall that, in curved space,
the covariant and contravariant metric tensors are not the same.]
For simplicity, the ΦΦφ interaction is assumed to be a Yukawa-type, so the Lagrangian
reads:
L = gµν∂µΦ†∂νΦ−M2Φ†Φ+ 1
2
gµν∂µφ∂νφ− 1
2
m2φ2 − λφΦ†Φ, (2.3)
The kinetic part of the Lagrangian of the scalar fields naturally involves the covariant com-
ponents of the derivatives of the fields, rather than the contravariant ones. Since the fields
are scalars, their plain derivatives are therefore identical to their covariant derivatives, and
hence for scalar fields the affine connections
Γαµν =
1
2
gαβ(gβµ,ν + gνβ,µ − gµν,β) (2.4)
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FIG. 1. ΦΦφ interaction.
(where gµν,β = ∂gµν/∂x
β) usually needed to convert normal derivatives in covariant deriva-
tives, will play no role. This greatly simplifies the discussion of the gravitational interactions
of scalar fields. Later, when we discuss spin 1/2 fields in Sec. IV, we will have to deal with
the greater complexity introduced by the affine connections.
In four dimensions, the total action for this scalar theory is taken to be [2–4]
S =
∫
d4x
√−g
[
L+ 1
2κ
R
]
= Sf + Sg (2.5)
where
κ =
8πG
c4
and R is the curvature scalar of the space-time continuum equal to gµνRµν , where Rµν is
the Ricci tensor
Rµν = −Γαµν,α + Γαµα,ν + ΓλµαΓαλν − ΓλµνΓαλα . (2.6)
In the special case of the flat space, R = 0, and the usual Euler-Lagrange equations result
from the application of Hamilton’s principle to the fields φ and Φ:
ηµν∂µ∂νφ+m
2φ+ λΦ†Φ= 0
ηµν∂µ∂νΦ +M
2Φ+ λΦφ= 0 . (2.7)
Quantizing the fields using the path integral formalism gives the Feynman rules:
− iV3 = −iλ
−i∆M (p) = −i
M2 − p2 − iǫ , (2.8)
where V3 is the Feynman rule of the ΦΦφ vertex (Fig. 1), and ∆M is the propagator for the
Φ field. [A similar factor, ∆m, is the propagator for the neutral field φ.] In our Feynman
diagrams, the Φ field is represented by the thick solid line and the φ field is represented by
the thin solid line. We obtain the usual equations of motion and the usual Feynman rules
for the limiting case of a flat space.
In four dimnensions the action (2.5) also yields Einstein’s equations for the field hµν
defined in Eq. (2.1). Hamilton’s principle for the field hµν is
δ
δhµν
[√−g (L+ 1
2κ
R
)]
= 0 , (2.9)
and yields the following Euler-Lagrange equations for the gravitational field
1
κ
{
Rµν − 1
2
gµνR
}
+ Tµν = 0 . (2.10)
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Here the total energy-momentum tensor Tµν is the sum of contributions from the fields φ
and Φ, and an interaction part:
Tµν = Tµν(φ) + Tµν(Φ) + Tµν(φ,Φ)
Tµν(φ) =
1
2
(∂µφ∂νφ+ ∂νφ∂µφ)− 1
2
gµν(g
αβ∂αφ∂βφ−m2φ2)
Tµν(Φ) = ∂µΦ
†∂νΦ+ ∂νΦ
†∂µΦ− gµν(gαβ∂αΦ†∂βΦ−M2Φ†Φ)
Tµν(φ,Φ) = λgµνΦ
†Φφ . (2.11)
The Tµν term in Eq. (2.10) can be derived easily once the variation of √−g in terms of
δgµν = 2hµν has been calculated. We will carry out this derivation in an arbitrary number
of (integral) dimensions d. First, exploit the identity
gµνgµν = d (2.12)
to obtain the relation
gµνhµν = −gµνhµν . (2.13)
This can also be conveniently rewritten
hαβ = −1
d
gαβ gµνh
µν . (2.14)
From this last relation, and the definition of g in d dimensions
g = Nǫαβ···d ǫ
α′β′···
d gαα′gββ′ · · · , (2.15)
where ǫd is the antisymmetric symbol in d dimensions and N is a sutiable normalization
constant, it follows that
δg= 2Nd ǫαβ···ǫα
′β′··· hαα′gββ′ · · ·
= −2g gµνhµν , (2.16)
and therefore
δ
√−g = −√−g gµνhµν . (2.17)
On the other hand
δL
δhµν
= 2∂µΦ
†∂νΦ+ ∂µφ∂νφ. (2.18)
Putting Eqs. (2.17) and (2.18) together, and symmetrizing (2.18), we see that:
δ
∫
d4x
√−g L =
∫
d4x
√−g Tµν hµν . (2.19)
The first two terms in Eq. (2.10) arise from the variation of Sg in four dimensions [2,4]
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FIG. 2. ΦΦ-graviton and φφ-graviton interaction.
δ
(
1
2κ
∫
d4x
√−gR
)
=
1
κ
∫
d4x
√−g (Rµν − 1
2
gµνR) h
µν . (2.20)
Setting the combined variations (2.19) and (2.20) to zero gives the field equations (2.10).
These are Einstein’s equations for the gravitational “interaction” [2] and hence the action
(2.5) gives the correct classical relation for the gravitational field in addition to the right
flat space limit.
It will turn out that Eq. (2.20) must be modified for the applications to 1+1 dimensional
space studied in this paper (see the discussion in Subsection B below). This leads to a
modification of the field equation (2.10) in 1+1 dimensions. However, the derivation of
the coupling of the gravitational field to matter, given in Eq. (2.19), is, as we have seen,
independent of dimension, and we can derive the Feynman rules which describe the coupling
of a graviton to matter directly from it. We will only consider the gravitational interaction to
lowest order (weak field limit) and will represent the gravitational interaction by a dashed
line. The Feynman rules, besides the ones given in Eqs. (2.8), contain two matter field-
graviton vertices (Fig 2). The Feynman rule of these vertices is:
− iJ µνM (p′, p) = i
[
pµp′ν + pνp′µ + ηµν(M2 − p · p′)
]
. (2.21)
The φφ-graviton vertex has the same form, as expected from the fact that charged and
uncharged particles interact in the same way with a gravitational field.
This Feynman rule can be derived from the flat space limit of Eq. (2.19)
δ
(
i
∫
d4x
√−gL
)
≃ i
∫
d4xTµν(x)hµν(x) . (2.22)
Sandwiching this result between the incoming and outgoing Φ (or φ) states gives
δ
(
i < p′|
∫
d4x
√−gL|p >
)
≃ i
∫
d4x < p′|Tµν(x)|p > hµν(x) . (2.23)
Reducing this expression gives
δ
(
i < p′|
∫
d4x
√−gL|p >
)
≃ i
[
pµp
′
ν + pνp
′
ν + ηµν(M
2 − p · p′)
] ∫
d4xhµν(x)ei(p
′−p)·x
= i
[
pµp
′
ν + pνp
′
ν + ηµν(M
2 − p · p′)
]
h˜µν(p′ − p) , (2.24)
where h˜µν(p′ − p) is the Fourier transform of the gravitational field. Hence the coupling
given in Eq. (2.21) [which is the coefficient of the h˜µν term in δL] emerges. Although this
derivation assumes that the gravitational field is not quantized, Eq. (2.21) is correct even
in the case of quantized gravitational fields, as one will see in Subsection C.
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FIG. 3. ΦΦφ- graviton vertex
The model likewise involves a ΦΦφ-graviton coupling (Fig.3), its Feynman rule being:
− iV3µν = iληµν . (2.25)
The vertex Vµν has a physical interpretation: it is the ”weight” of the vertex V. In the non-
quantized theory of the point-like particles, the gravity couples to the energy-momentum
tensor, which may have a part coming from an interaction. Our interpretation is consistent
with the limiting case. Note the obvious, model independent generalization:
− iV3µν = iηµνV3, (2.26)
All these vertices involving gravitons are symmetric in the Lorentz indices, and so is the
external gravitational field hµν .
In addition to these interactions, the theory involves a graviton propagator, graviton-
graviton interactions and several-graviton -matter field vertices, which we do not display.
Because we are interested in first order gravitational interactions between a bound state
of two Φ particles and an external (non-quantized) weak gravitational field, we can safely
ignore these undisplayed rules.
In the next subsection we extend our discussion of the field equations to 1+1 dimensional
space and describe the constraints on the gravitational couplings which emerge from gauge
invariance.
B. Gravitational Coupling and Gauge Invariance
Because the gravitational action does not contain a mass term, scattering amplitudes at
any order are expected to be gauge invariant. [The cosmological term [4] would destroy this
symmetry, but if it is non-zero it is at least very small, so gauge invariance is either exact or
a very good approximation.] In four dimensions this follows from Eq. (2.10); the covariant
divergence of the 1/κ term vanishes identically, insuring that the energy momentum tensor
is conserved. In addition, the gravitational trace of Eq. (2.10) yields the result
(
d
2
− 1
)
R = κ gµνTµν . (2.27)
Note that this equation cannot be correct in d = 2 dimensions, where the LHS would be
zero and the RHS non-zero. This is one indication that the Eq. (2.10) is not correct in two
(i.e. 1+1) dimensions.
For our purposes it is sufficient to find the correct equation in the weak gravitational
field limit. Eq. (2.10) reduces to [4]
∂2hµν − ∂λ∂νhµλ − ∂λ∂µhνλ + ηµν∂λ∂σhλσ + ∂µ∂νh− ηµν∂2h = −κT µν , (2.28)
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where ∂2 = ∂λ∂
λ and h = ηαβh
αβ . As expected, the trace of the LHS is zero in 2 dimensions
(to lowest order it is sufficient to calculate this trace by contracting with ηµν). However, as
discussed by Ohanian and Ruffini [4], the following replacement
hµν = h¯µν − 1
2
(1− a) ηµνh¯ , (2.29)
transforms Eq. (2.28) to
∂2h¯µν − ∂λ∂ν h¯µλ − ∂λ∂µh¯νλ + ηµν∂λ∂σh¯λσ + a
(
∂µ∂ν h¯− ηµν∂2h¯
)
= −κT µν , (2.30)
showing that the coefficient a is arbitrary (except it cannot be 1/2 because this choice would
force ηµνh
µν = 0). Since hµν is symmetric, the divergence of the LHS of Eq. (2.30) with
respect to either index is zero, and the stress energy tensor is conserved for any value of a
∂µT µν = 0 = ∂µT νµ . (2.31)
This is analogous to the conservation of electromagnetic current. However, the trace condi-
tion obtained from Eq. (2.30) now depends on a and is not zero unless d = 2 and a = 1
(1 + a− ad)∂2h¯+ (d− 2)∂µ∂νh¯µν = −κ ηµνT µν = (1− a)∂2h¯ , (2.32)
where the last form of the equation holds in d = 2 dimensions. We will not persue the formal
development of the 2 dimensional theory further. We will imagine that the gravitational
field in 2 dimensions is given by Eqs. (2.30) and (2.32) with a 6= 1.
Because of the symmetry under interchange of indices, the gravitational gauge invariance
is described by a U(1)× U(1) group and we may check the gauge invariance for the case of
one index only. In momentum space the requirements (2.31) therefore become, in the linear
approximation,
qµT µν = 0 , (2.33)
where q is the momentum of the graviton. Let us proceed by verifying gravitational gauge
invariance for some simple cases.
First consider the graviton-ΦΦ vertex given in Eq. (2.21) and shown in Fig. 2. If neither
of the Φ mesons is on-shell, the divergence of the interaction term (2.21) gives the following
Ward-Takahashi identity:
qµJ µνM (p′, p) = pν∆−1M (p′)− p′ν∆−1M (p) , (2.34)
where p′ and p are the final and initial momentum of the particles and q = p′ − p. If
the particles are on-shell, the inverse propagators vanish, so the vertex is gauge invariant.
The graviton-φφ vertex is similarly gauge invariant for on-shell φ particles, and its Ward-
Takahashi identity is the same, with M replaced by m. A more complete description of the
graviton-scalar interaction can be found in [6].
The gravitational Ward-Takahashi identities are important relations needed to verify the
gauge invariance of the higher order diagrams. Therefore, before going further in checking
some other diagrams, we will devote the next subsection to a model- independent proof of
this important identity.
8
C. Ward-Takahashi Identities
In this subsection we derive the gravitational Ward-Takahashi identity for any scalar field
in a model independent way. A derivation has been given by West [7], but here we follow a
different path based on ideas borrow from references [8] and [9], where the Ward-Takahashi
identity has been derived for QED and QCD.
We start with the field theoretic matrix element:
(2π)dδ(d)(p+ q − p′)∆M(p′)Jµν(p′, p)∆M(p)
=
1
2
∫
ddxe−ip
′·x
∫
ddyeiq·y
∫
ddzeip·z < 0|T
(
Φ(x)Tµν(y)Φ
†(z)
)
|0 > , (2.35)
where Tµν(y) = Tµν(Φ(y)) was given in Eq. (2.11), and the factor of one-half on the RHS
insures that the Jµν given on the LHS agrees with our definition (2.21). Translating the
fields (where pˆ is the momentum operator)
Φ†(z) = e−ipˆ·ηΦ†(z − η)eipˆ·η
Tµν(y) = e
−ipˆ·ηTµν(y − η)eipˆ·η
Φ(x) = e−ipˆ·ηΦ(x− η)eipˆ·η (2.36)
changes the time ordered product to:
T
(
Φ(x)Tµν(y)Φ
†(z)
)
= T
(
e−ipˆ·ηΦ(x− η)Tµν(y − η)Φ†(z − η)eipˆ·η
)
. (2.37)
Letting η = (x+ z)/2, changing variables
x− η= 1
2
(x− z)→ 1
2
ζ
y − η→ y , (2.38)
and integrating over η, transforms (2.35) into
∆M(p
′)Jµν(p′, p)∆M(p)
=
1
2
∫
ddζe−i(p
′+p)· 1
2
ζ
∫
ddyeiq·y < 0|T
(
Φ
(
1
2
ζ
)
Tµν(y)Φ
†
(
−1
2
ζ
))
|0 > , (2.39)
where we have used the translational invariance of the vacuum. Dotting this equation with
q, and integrating by parts, gives
qµ∆M(p
′)Jµν(p′, p)∆M(p)
=
i
2
∫
ddζe−i(p
′+p)· 1
2
ζ
∫
ddyeiq·y
∂
∂yµ
< 0|T
(
Φ
(
1
2
ζ
)
Tµν(y)Φ
†
(
−1
2
ζ
))
|0 > . (2.40)
Since Tµν is divergenceless, the divergence of the temporal product in (2.40) reduces to
∂
∂yµ
T
(
ΦTµνΦ
†
)
= δ(y0 − 12ζ0)
(
θ(ζ0)
[
T0ν(y),Φ
(
1
2
ζ
)]
Φ†
(
−1
2
ζ
)
+ θ(−ζ0)Φ†
(
−1
2
ζ
) [
T0ν(y),Φ
(
1
2
ζ
)])
+δ(y0 +
1
2
ζ0)
(
θ(ζ0)Φ
(
1
2
ζ
) [
T0ν(y),Φ
†
(
−1
2
ζ
)]
+ θ(−ζ0)
[
T0ν(y),Φ
†
(
−1
2
ζ
)]
Φ
(
1
2
ζ
))
. (2.41)
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Using the relation
δ(y0 − 12ζ0)
[
T0ν(y),Φ
(
1
2
ζ
)]
= −iδ(d)(y − 1
2
ζ)
∂Φ(y)
∂yν
(2.42)
and substituting it into the Eq. (2.41) gives
∂
∂yµ
T
(
ΦTµνΦ
†
)
= −iδ(d)(y − 1
2
ζ)
(
θ(ζ0)
∂Φ(y)
∂yν
Φ†
(
−1
2
ζ
)
+ θ(−ζ0)Φ†
(
−1
2
ζ
) ∂Φ(y)
∂yν
)
−iδ(d)(y + 1
2
ζ)
(
θ(ζ0)Φ
(
1
2
ζ
) ∂Φ†(y)
∂yν
+ θ(−ζ0)∂Φ
†(y)
∂yν
Φ
(
1
2
ζ
))
= −iδ(d)(y − 1
2
ζ)
∂
∂yν
T
(
Φ(y)Φ†
(
−1
2
ζ
))
− iδ(d)(y + 1
2
ζ)
∂
∂yν
T
(
Φ
(
1
2
ζ
)
Φ†(y)
)
. (2.43)
Substituting this expression into (2.40), integrating over y, and then integrating by parts
over ζ gives
qµ∆M(p
′)Jµν(p′, p)∆M(p) = i
∫
ddζe−ip·ζ pν < 0|T
(
Φ
(
1
2
ζ
)
Φ†
(
−1
2
ζ
))
|0 >
−i
∫
ddζe−ip
′·ζ p′ν < 0|T
(
Φ
(
1
2
ζ
)
Φ†
(
−1
2
ζ
))
|0 > . (2.44)
Finally, using the definition of the propagator [with the sign convention of Eq. (2.8)]
i
∫
ddζeip
′·ζ < 0|T
(
Φ
(
1
2
ζ
)
Φ†
(
−1
2
ζ
))
|0 >= ∆M(p′) , (2.45)
Eq. (2.44) becomes:
qµ∆M(p
′)Jµν(p′, p)∆M(p) = pν∆M(p)− p′ν∆M(p′). (2.46)
Canceling ∆(p′) and ∆M(p) from the LHS of Eq. (2.46), we get the gravitational Ward-
Takahashi identity for any bosonic field:
qµJµν(p′, p) = pν∆−1M (p′)− p′ν∆−1M (p) . (2.47)
Our proof of the Eq. (2.47) is dimension independent.
Similarly we can repeat this proof for any fermionic field, but we would have some sign
differences in Eq. (2.41) and we would need to use anticommutation relations to redcuce
the commutators to delta function. Hence the proof becomes model independent. Next we
will investigate the gauge invariance of some other diagrams.
D. Gauge Invariance of Some Three-, Four- and Five-Point Functions
Using the Ward-Takahashi identities we have derived, it is easy to show that the contri-
butions from the four diagrams shown in Fig. 4 describing the scattering of Φ + φ→ Φ+ h
(where h is the gravitation) are gauge invariant.
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FIG. 4. The Φ + φ→ Φ+ h interaction to lowest order in λ.
FIG. 5. The radiative OBE diagrams to second order in λ.
Similarily, the seven OBE (one boson exchange) diagrams shown in Fig. 5, that describe
graviton emmession from the lowest order φ exchange contribution to ΦΦ scattering are also
gauge invariant.
To investigate the gauge invariance of the gravitational coupling to the bound state of
two Φ-particles, we must first define the Bethe-Salpeter vertex for the ΦΦ bound state. In
the ladder approximation, the bound state propagator is generated from the infinite ladder
sum (illustrated in Fig. 6), and the bound state vertex is a solution of the ladder Bethe-
Salpeter equation, illustrated in Fig.7. With this description, the gravitional coupling to the
ΦΦ bound state is described exactly by the three diagrams shown in Fig. 8, and is gauge
invariant. The diagram 8(a) containing no internal φ lines and the diagram 8(c) which
involves a four-particle vertex contribute twice (once for each Φ particle) and their sum is
gauge invariant by itself. The diagram 8(b) contributes only once and is also separately
gauge invariant. The proof follows from the Ward-Takahashi identies and does not depend
on the explicit form of the propagators or bound state vertices. In a similar fashion any φ3
theory, such as QED, is gauge invariant [5].
How can we demonstrate the gauge invariance of a generic ϕ4-type theory? No separate
proof is necessary since the ϕ3-type theories are gauge invariant and from any Φ†Φφ model a
generic ϕ4-type theory can be obtained directly by making the φ fields heavy and shrinking
the internal φ propagators to a point (in this example the theory will have a point-like
+     •  •  •  + +
FIG. 6. The φ ladder diagrams used to construct a ΦΦ bound state.
11
=FIG. 7. The ladder Bethe-Salpeter equation for the ΦΦ bound state.
2 x + + 2 x
(a) (b) (c)
FIG. 8. The gravitional coupling to the ΦΦ bound state in Bethe-Salpeter ladder approximation.
(Φ†Φ)2 structure). In this way we obtain a effective field theory without loss of gauge
invariance. After this reasoning we can assume that all ϕ4-type theories are gravitionally
gauge invariant.
These examples illustrate gravitational gauge invariance explicitly. All of the diagrams
of a given order, and certain infinite classes of diagrams, are gravitionally gauge invariant. A
consequence of this is that the gravitational field must couple to the total energy-momentum
tensor of a composite system, and this coupling, which depends on the bound state mass,
must be consistent with other ways of computing the bound state mass. In the following
sections we will study the implications of this consistency requirement for an effective ϕ4-
type field theory of gravitation.
E. Gravitational Coupling in an Effective Field Theory
In this subsection we work out details of the gravitational coupling for an effective field
theory (EFT) with a (Φ†Φ)2 structure. As discussed above, this EFT is obtained from the
Φ†Φφ theory by letting the mass m of the φ particle go to infinity, and shrinking all φ
propagators to a point. This EFT would be a valid approximation if the Φ particles have
low momenta and the φ particles are very heavy.
This theory involves three couplings: an effective (Φ†Φ)2 four point coupling, a Φ†Φh
coupling, and a new effective (Φ†Φ)2 h interaction. The first two vertices were discussed
previously. The effective (Φ†Φ)2 coupling, derived from the OBE model discussed above by
shrinking the φ propagator to a point, is
− iV4 = i λ
2
m2
= ig , (2.48)
FIG. 9. The Φ four-point coupling.
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FIG. 10. The Φ-graviton five-point coupling.
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FIG. 11. The three OBE Φ-graviton diagrams which give the effective Φ-graviton five-point
coupling illustrated in Fig. 10.
where g is the effective ϕ4 coupling illustrated in Fig. 9. According to the relation (2.26),
this vertex implies the existence of a (Φ†Φ)2 h five-point coupling of the form:
− iVeµν = iηµνV4 = −iηµν
λ2
m2
= −iηµνg . (2.49)
which is shown in Fig. 10. On the other hand, consistency requires that this five-point vertex
also be obtained by shrinking the three diagrams shown in Fig. 11.
To prove this consistency, we compute each of the diagrams in Fig. 11. Diagram 11(a),
in the limit of low external momenta and low momentum transfer, becomes:
− iMa = λ2∆m(k)(−iJ mµν)∆m(k − q) (2.50)
≃ λ
2
m2
(iηµνm
2)
1
m2
≃ iηµν λ
2
m2
,
where k = p1 − p′1 and q is the momentum of the outgoing graviton. Note that, at small
momenta, Eq. (2.21) gives −Jmµν ≃ ηµνm2. The contribution from the second diagram,
11(b), is:
− iMb = −i∆m(k − q)(iληµν)(−iλ) (2.51)
≃ −iηµν λ
2
m2
.
The contribution from diagram 11(c) in the low momemtum limit is equal to 11(b), and
hence the total contribution from diagrams (a)–(c) is
− i(Ma +Mb +Mc) ≃ −iηµν λ
2
m2
= −iηµνg , (2.52)
in full agreement with the Eq. (2.49). We have shown that the five-point vertex of EFT
emerges from the low momentum limit of the “full” theory. We will now use this under-
standing to obtain an effective description of the bound state.
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FIG. 12. Graviton coupling to the bound state in the (Φ†Φ)2 EFT.
In the following discussion, we will skip back and forth between the “exact” theory (which
includes the OBE description of the interaction) and the EFT (in which the interaction is
contracted to a point). We emphasize that these theories are equivalent at small momentum.
At low momenta, the dressed ΦΦ scattering amplitude can be calculated in two ways that
are equivalent at low momenta: by adding the ladder diagrams of Fig. 6, or by summing the
bubbles resulting from the effective four-point interaction illustrated in Fig. 9. In either case,
the infinite sum generates the bound state. The gravitational interaction with the bound
state can also be described in two different ways, which are equivalent at low momenta.
The first of these, illustrated in Fig. 8, is the description in the “exact” theory. The second,
shown in Fig. 12, is the description in the EFT.
In either theory, the momentum conservation implied by the gauge invariance of the
gravitational interaction implies that the effective graviton-bound state interaction at low
momentum transfer must be proportional to the energy momentum tensor of the bound
state
− iJ µνMb(p′, p) = i
[
pµp′ν + pνp′µ + gµν(M2b − p · p′)
]
. (2.53)
The interactions shown in Figs. 8 and 12 must reproduce this result as the momentum of the
graviton q → 0. This requirement places a constraint in the bound state wave function. As
we have shown, it is sufficient to study this constraint in the context of the EFT, and this
is the subject of the following sections.
III. THE MASS OF A COMPOSITE SYSTEM OF SCALARS
Using the EFT discussed in the previous section, the tensor (2.53) must be the sum of
the two contributions shown in Fig. 12
− iJ µνMb(P + q, P ) = −2iJ µνa (P + q, P )− iJ µνb (P + q, P ) , (3.1)
where J µνa and J µνb are the contributions from diagrams 12(a) and 12(b), respectively. The
factor of 2 multiplying Ja displays the fact that it occurs twice, once for each constituent.
These diagrams are
− iJ µνa (P + q, P ) = −N 2
∫
ddk
(2π)d
∆M(P − k)∆M(k + q)J µνM (k + q, k)∆M(k) , (3.2)
where N as the bound state vertex function (constant in the EFT), and
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− iJ µνb (P + q, P ) = igηµνN 2b
(
(P + q)2
)
b(P 2) , (3.3)
where, in 1+1 dimension, the bubble b is
b(P 2) = i
∫
ddk
(2π)d
1
(M2 − k2)[M2 − (P − k)2] , (3.4)
as given in Ref. [1].
In Ref. [1] we showed that the vertex function (or normalization constant) N and the
coupling constant g are related to the bound state mass by
N =
(
−∂b(M
2
b )
∂M2b
)−1/2
g =
1
b(M2b )
, (3.5)
Requiring the initial and final bound states to be on shell, so the P 2 = M2b and (P+q)
2 = M2b ,
permits us to rewrite Eq. (3.3):
− iJ µνb = iηµνN 2b(M2b ) . (3.6)
Before we use Eq. (3.1) to calculate the bound state mass, we will prove that this ex-
pression is gauge invariant. First, compute −iqµJ µνa
− iqµJ µνa (P + q, P )
= −N 2
∫
ddk
(2π)d
∆M(P − k)∆M(k + q)qµJ µνM (k + q, k)∆M(k)
= −N 2
∫
ddk
(2π)d
kν∆M(P − k)∆M (k) +N 2
∫
ddk
(2π)d
(k + q)ν∆M(P − k)∆M (k + q)
= −iqνN 21
2
b(M2b ) . (3.7)
The transition from the second line was done by using the Ward-Takahashi identity. In
the last step we symmetrized the integrands (k → k + P/2 in the ifrst integral and k →
k + (P − q)/2 in the second), droped the odd kν term, and extracted the final result using
the definition (3.4). Recall that this term must be multiplied by 2, and is cancelled exactly
by the term from Eq. (3.6), which is
− iqµJ µνb = iqνN 2b(M2b ) . (3.8)
Hence, the sum of the diagrams from Fig. 12 is gauge invariant.
We now use Eq. (3.1) to “calculate” the square of the bound state mass in 1+1 dimension.
Setting q = 0 and contracting the indices in the Eq. (2.53) projects out the bound state
mass:
ηµνJ µνMb(P, P ) = −2M2b . (3.9)
Our goal is to demonstrate that Eq. (3.1) is indeed consistent with the above result.
First notice that, for off-shell particles in 1+1 d,
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ηµνJ µνM (k, k)∆2M(k) = 2M2
∂∆M (k)
∂M2
(3.10)
and hence the contraction of Eq. (3.1) gives
− iηµνJ µνMb(P, P ) = 2iM2b
= −2N 2
∫
ddk
(2π)d
∆M(P − k)2M2∂∆M (k)
∂M2
+ 2iN 2b(M2b ) (3.11)
= 2iN 2
(
M2
∂
∂M2
+ 1
)
b(M2b ) .
Replacing N 2 by the normalization condition (3.5) allows us to transform this result into
the following condition
[
M2b
∂
∂M2b
+M2
∂
∂M2
+ 1
]
b(M2b ) = 0 . (3.12)
To verify the validity of Eq. (3.12), we recall that the explicit form of b (taken from Ref. [1],
with m1 = m2 = M) is
b(M2b ) = −
1
4π
∫ dx
M2 −M2b x(1− x)
. (3.13)
This satisfies the condition (3.12). Consequently, we have shown that the normalization
condition, Eq. (3.3), also insures that the graviton couples to the total mass of the bound
state, as required by energy- momentum conservation. Since the normalization condition
originally came from baryon number conservation (as discussed in Ref. [1]), we conclude
that energy-momentum conservation and baryon number conservation are different aspects
of the same constraint .
IV. BOUND STATE OF A SPIN 1/2 FERMION AND A SCALAR BOSON
In this section we extend the preceding results to the case of a bound state of a scalar
and a spin 1/2 fermion, still in 1 + 1 dimensions. As above, we assume an effective four-
point contact interaction of the form λ(Ψ†Ψ)(Φ†Φ), as described in Ref. [1]. We start by
reviewing the results of the bound state calculations from Ref. [1], and then describe the
graviton-spinor interaction. We conclude the section with a detailed treatment of the bound
state.
A. Bound State Formalism and Normalization
The scattering amplitude (droping the initial and final spinors) for this ϕ4-type interac-
tion depends only on the total momentum, p, and can be written
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M = λ
1− λ (A(p2)+ 6 pB(p2))
=
λ(1− λA(p2) + λB(p2) 6 p)
(1− λA(p2))2 − λ2B2(p2)p2 , (4.1)
where the spin 1/2 bubble is A(p2) +B(p2) 6 p, and the functions A(p2) and B(p2) are
A(p2) = −m1
4π
∫ 1
0
dx
m21x+m
2
2(1− x)− p2x(1 − x)
B(p2) = − 1
4π
∫ 1
0
(1− x)dx
m21x+m
2
2(1− x)− p2x(1− x)
, (4.2)
with m1 the mass of the fermion and m2 the mass of the boson. If the bound state mass is
Mb, the scattering amplitude M should have a pole at p2 = M2b , which implies
1− λA(M2b ) = λMbB(M2b ) . (4.3)
Using this condition to fix A(M2b ), expanding both the numerator and denominator of (4.1)
in powers of p2 −M2b , and keeping the lowest order terms only, gives
M≃ −N 2 Mb+ 6 p
M2b − p2
= − N
2
Mb− 6 p , (4.4)
where
N = 1√
−2Mb(A′(M2b ) +MbB′(M2b ))−B(M2b )
, (4.5)
is the bound state normalization constant or the bound state vertex function (which is again
a constant in this model). The prime in Eq. (4.5) denotes the derivative with respect to M2b .
Using the condition (4.5), the equations (4.2) for A and B, and the identity
∫ 1
0
dx
m21x
2 −m22(1− x)2
[m21x+m
2
2(1− x)−M2b x(1 − x)]2
= 0 (4.6)
we can rewrite the normalization condition (4.5) as:
N 2
4π
∫ 1
0
dx
x [Mb(1− x) +m1]2
[m21x+m
2
2(1− x)−M2b x(1− x)]2
= 1. (4.7)
We use this form to show that energy-momentum conservation is compatible with the nor-
malization condition.
B. Interaction of Gravitons and Spinors
A rigorous description of the interaction of the graviton with spinors can be found in
Ref. [10]. This description uses the concept of a vierbein or tetrad, eµ, related to the metric
tensor as follows:
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eµ(x) · eν(x) = eaµ(x)eaν(x) = gµν(x) . (4.8)
Likewise the Dirac matrices in curved space γµ(x) are related to the Dirac matrices in flat
space γ˜a via:
γµ(x) = eaµ(x)γ˜a , (4.9)
where eaµ(x) and eaµ(x) are the inverse of each other:
eaµ(x)ebµ(x) = δ
ab . (4.10)
In the presence of gravity, the flat space Dirac matrices in the Lagrangian are replaced by
the γµ(x), and normal derivatives are replaced by covariant derivatives (involving the affine
connections). The covariant derivatives are no longer equal to the normal derivatives, as
in the scalar case. Finally, the action is obtained by integrating the resulting Lagrangian
density, multiplied by
√−g = det[eaµ], over x. From this action one is able to derive the
Feynman rules by varying the symmetric part of the perturbation of the vierbein, which is
the gravitational field.
However, since such a rigorous treatment would be very long and difficult, here we will
give a less rigorous and simpler, more intuitive development. Our discussion starts with the
observation that the graviton should couple to the energy-momentum tensor of the Dirac
field. This tensor is easily calculated, and would lead to the following Feynman rule for the
graviton coupling to a spin 1/2 particle:
− iJ µν0 (p′, p) =
i
2
[γµ(p+ p′)ν − ηµν( 6 p′+ 6 p− 2m1)] . (4.11)
Here p is the momentum of the incoming fermion, p′ is the momentum of the outgoing
fermion, and q = p′−p is the wave number of the graviton. This Feynman rule is symmetric
in the in- and outgoing fermion momenta, but not in the Lorentz indices, so it must be
fundamentally wrong. Its only virtue is that it satisfies the Ward-Takahashi identity in the
first index µ:
qµJ µν0 (p′, p) =
[
pνS−1m1(p
′)− p′νS−1m1(p)
]
, (4.12)
where the fermion propagator is
S−1m1(p) = m1− 6 p . (4.13)
To get around this problem, we correct our former Feynman rule by adding to it another
term tµν(p′, p):
J µν0 (p′, p)→ J µν(p′, p) = J µν0 (p′, p) + tµν(p′, p) . (4.14)
The following conditions will uniquely fix the additional term tµν(p′, p):
• J µν must be symmetric in its Lorentz indices,
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FIG. 13. Interaction of the graviton with a bound state of two unequal mass particles in the
EFT.
• J µν must satisfy the Ward-Takahashi identity in both indices (implying that tµν(p′, p)
must be divergenceless in the first index),
• J µν must be Hermitian, implying that γ0[J µν(p′, p)]Tγ0 = J νµ(p, p′),
• tµν(p′, p) must be traceless so that the mass, which is projected out by taking the trace
of J µν , is unmodified.
These conditions lead to the following unique form for tµν :
tµν(p′, p) = −1
2
[
γν
(
P µ − P · q
q2
qµ
)
− P · q
q2
qνγµ + P · q 6 q q
µqν
q4
]
(4.15)
+
1
4
(
P µ − P · q
q2
qµ
)(
γν − 6 q
q2
qν
)
+
1
4
(
P ν − P · q
q2
qν
)(
γµ − 6 q
q2
qµ
)
,
with P = p+ p′.
Because the Ward-Takahashi identity now holds for both indices, our formal investigation
of scalar particles can be repeated step by step. In particular, since the proof of gauge
invariance relied on the Ward-Takahashi identities, it should hold here as well.
Since the bound state of a spin 1/2 fermion and a scalar boson is also a spin 1/2 fermion,
we expect the graviton-bound state interaction to be also given by (4.14). Replacing m1
by Mb, and letting q → 0, gives the following relation for the bound state mass in 1+1
dimensions
ηµνJ µν(p, p) = −
[
Mb + S
−1
Mb
(p)
]
→ −Mb , (4.16)
where the last relation follows for on-shell particles, as discussed below.
C. Mass of a Composite Fermion
As in the scalar EFT, the three diagrams shown in Fig. 13 give the EFT interaction of a
graviton with the spin 1/2 bound state described above. [Since the two constituent particles
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have different properties, the single diagram 12(a) now becomes the first two diagrams shown
in Fig. 13.] In the limit when q → 0, the bound state mass can be obtained from
ηµνJ µνMb(p, p) = −U¯(p)
[
Mb + S
−1
Mb
(p)
]
U(p) =
= −Mb U¯(p)U(p) = −Mb . (4.17)
Using the relation (3.10) and the similar relation
Sm1(k) ηµνJ µνm1(k, k)Sm1(k) = −m1 S2m1(k)− Sm1(k) =
(
m1
d
dm1
− 1
)
Sm1(k) , (4.18)
the first two Feynman diagrams in Fig. 13 become, as q → 0,
ηµνJ µν1+2(p, p) = −iU¯(p)N 2
∫
ddk
(2π)d
{
∆m2(p− k)
(
m1
d
dm1
− 1
)
Sm1(k)
+Sm1(p− k) 2m22
d
dm22
∆m2(k)
}
U(p)
= −U¯(p)N 2
(
−1 +m1 ∂
∂m1
+ 2m22
∂
∂m22
) (
A(M2b )+ 6 pB(M2b )
)
U¯(p)
= −N 2
(
−1 +m1 ∂
∂m1
+ 2m22
∂
∂m22
) (
A(M2b ) +MbB(M
2
b )
)
. (4.19)
As in the scalar case, the third diagram becomes
ηµνJ µν3 (p, p) = −2λN 2U¯(p)
(
A(M2b )+ 6 pB(M2b )
)2 U(p)
= −2λN 2
(
A(M2b ) +MbB(M
2
b )
)2
= −2N 2
(
A(M2b ) +MbB(M
2
b )
)
, (4.20)
where Eq. (4.3) was used in the last step. Adding (4.19) and (4.20) and equating them to
(4.17) gives the following relation
Mb = N 2
(
1 +m1
∂
∂m1
+ 2m22
∂
∂m22
)(
A(M2b ) +MbB(M
2
b )
)
. (4.21)
Substituting the expressions (4.2) for A and B into this equation, and using the identity
(4.6), transforms the equation into
Mb =
N 2
4π
∫ 1
0
Mb x [Mb(1− x) +m1]2 dx
[m21x+m
2
2(1− x)−M2b x(1− x)]2
(4.22)
which is Eq. (4.7). Consequently the bound state normalization condititon insures the
conservation of energy-momentum in this example as well.
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V. CONCLUSIONS
We have shown for two specific examples in 1+1 dimension that the bound state normal-
ization condition and the energy-momentum conservation condition are, in fact, identical
constraints. Similarily, it has been shown [1] for the same systems (and it is true in gen-
eral) that the normalization condition and charge conservation (or baryon conservation) are
also equivalent. For systems with no conserved vector current (charge or baryon number)
the conservation of the energy-momentum tensor current associated with gravity may be of
special significance.
While our discussion did not apply to higher dimensions, where form factors or cutoffs
are needed to regularize the EFT, we conjecture that energy-momentum conservation and
the bound state normalization condition must also be equivalent in these cases.
We conclude this paper by returning to our opening discussion of momentum conservation
in DIS. While the interaction of a graviton with a bound state would seem to be unrelated
to DIS, our proof of energy-momentum conservation ought to imply that the covariant
discription of DIS conserves momentum. In fact, for the two body bound states in 1+1
dimension that we have been discussing, the demonstration is very simple.
In the scalar model investigated in Ref. [1], the bound state consisted of a charged particle
of mass m1 and a neutral particle of mass m2. The charge distribution function is
f(x) =
N 2
4π
x(1− x)
[m21x+m
2
2(1− x)−M2 x(1 − x)]2
, (5.1)
and charge conservation (and the bound state normalization condition) lead to the require-
ment that ∫ 1
0
dxf(x) = 1 . (5.2)
Note that the distribution amplitude (5.1) is symmetric under the interchange of x→ 1 = x
and m1 → m2, so that if both m1 and m2 were charged, we could define two “flavor”
distributions
f1(x) = f(x)
f2(x) = f(1− x) (5.3)
both normalized to unity. This would insure charge or baryon number conservation
b1
∫ 1
0
dxf1(x) + b2
∫ 1
0
dxf2(x) = b1 + b2 (5.4)
as in Eq. (1.1). Note that these conditions also insure that momentum is conserved. In this
notation, Eq. (1.2) is written
∫ 1
0
dx xf1(x) +
∫ 1
0
dx xf2(x) =
∫ 1
0
dx xf1(x) +
∫ 1
0
dx (1− x)f1(x) = 1 (5.5)
in complete agreement with Eq. (1.2). We conclude that momentum is conserved in covariant
models of DIS.
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